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∫ 2

0

∫ 8

x3

x5

√
x6 + y2

dydx

∫ 2

0

∫ 8

x3

x5

√
x6 + y2

dydx

=

∫ 8

0

∫ 3√y

0

x5

√
x6 + y2

dxdy

=

∫ 8

0

√
x6 + y2 · 1

6 · 1
2

∣∣∣∣

3√y

0

dy

=
1

3

∫ 8

0

(
√
2− 1)ydy

=
1

3
(
√
2− 1)

y2

2

∣∣∣∣
8

0

=
32

3
(
√
2− 1)



ρ ≤ 2
√
2 φ ρ ≤ 2

ρ ≤ 2
√
2 φ

⇒ (x2 + y2 + z2)
1
2 ≤ 2

√
2

z

(x2 + y2 + z2)
1
2

⇒ x2 + y2 + (z −
√
2)2 ≤ 2

ρ ≤ 2

⇒ x2 + y2 + z2 ≤ 4

2
√
2 φ = 2⇒ φ =

π

4

V =

∫ 2π

0

∫ π
4

0

∫ 2

0

ρ2 φdρdφdθ +

∫ 2π

0

∫ π
2

π
4

∫ 2
√
2 φ

0

ρ2 φdρdφdθ

= 2π(− φ)|
π
4
0 · ρ

3

3

∣∣∣∣
2

0

+ 2π

∫ π
2

π
4

φ
(2
√
2 φ)3

3
dφ

=
2π

3
(8− 4

√
2) +

32
√
2π

3

∫ π
2

π
4

φ 3 φdφ

=
2π

3
(8− 4

√
2) +

32
√
2π

3
·
(
−1

4
4 φ

)∣∣∣∣

π
2

π
4

=
16

3
π − 2

√
2π



∫∫

Ω

(3x2−2xy+3y2)dxdy Ω 3x2−2xy+3y2 ≤
2 x = u+ kv, y = u− kv k

x = u+ kv, y = u− kv

3x2 − 2xy + 3y2 = 3(2u2 + 2k2v2)− 2(u2 − k2v2)

= 4u2 + 8k2v2 ≤ 2 k2 =
1

2
→ k =

1√
2

⇒ 4u2 + 4v2 ≤ 2

⇒ u2 + v2 ≤ 1

2

J =

∥∥∥∥∥∥∥

⎛

⎜⎝
∂x

∂u

∂x

∂v
∂y

∂u

∂y

∂v

⎞

⎟⎠

∥∥∥∥∥∥∥
=

∥∥∥∥∥

(
1 k

1 −k

)∥∥∥∥∥ = |− 2k| =
√
2

∫∫

Ω

(3x2 − 2xy + 3y2)dxdy

=

∫∫

u2+v2≤ 1
2

[4(u2 + v2)]
√
2dudv

=
√
2

∫ 2π

0

∫ 1√
2

0

(4r2)rdrdθ

= 2π
√
2
−1
8

(4r2)

∣∣∣∣

1√
2

0

=

√
2π

4
(1− 2)



y > 0

(x, y, z) = (e−x y − z) + (2yz − e−x

y
) + (y2 − x)

(x, y, z) = e−x y + (2yz − e−x

y
) − x

{(x, y, z) | y > 0} f

∇f = ∫

C

( ) · d C (u) = (1 +

u2) + eu + (1 + u) , u ∈ [0, 1]

∇f = (
∂f

∂x
,
∂f

∂y
,
∂f

∂z
)

∂f

∂x
= e−x y − z

⇒ f = − e−x y − zx+ g(y, z)

∂f

∂y
=
−e−x

y
+

∂g(y, z)

∂y
= 2yz − e−x

y

∴ g(y, z) = y2z + h(z)

⇒ f = − e−x y − zx+ y2z + h(z)

∂f

∂z
= − x+ y2 +

dh(z)

dz
= y2 − x

∴ h(z) = C

⇒ f = − e−x y − zx+ y2z + C

∮
(r) · d

=

∮
[∇f + (z − y2 )] · d

= f(2, e, 2)− f(1, 1, 1) +

∫ 1

0

(1 + u)2udu−
∫ 1

0

e2udu

=
3

2
e2 − e−2 − 11

6



C∮

C

−y5

(x2 + y2)3
dx +

xy4

(x2 + y2)3
dy C

C

C

P =
−y5

(x2 + y2)3
Q =

xy4

(x2 + y2)3∮

C

Pdx+Qdy =

∫∫

Ω

(
∂Q

∂x
− ∂P

∂y

)
dxdy

∫∫

Ω

(
y6 − 5x2y4

(x2 + y2)4
− y6 − 5x2y4

(x2 + y2)4

)
dxdy = 0

∮

C

Pdx+Qdy −
∮

Cr

Pdx+Qdy

=

∫∫

Ω

(
∂Q

∂x
− ∂P

∂y

)
dxdy = 0

∴
∮

C

Pdx+Qdy =

∮

Cr

Pdx+Qdy

Cr : x = ϵ θ, y = ϵ θ

∮

Cr

Pdx+Qdy =

∫ 2π

0

−(ϵ θ)5

ϵ6
(−ϵ θ) +

ϵ5 θ 4 θ

ϵ6
ϵ θ dθ

=

∫ 2π

0

( 6 θ + 2 θ 4 θ)dθ



=

∫ 2π

0

4 θdθ =

∫ 2π

0

(
1− 2θ

2
)2dθ

=

∫ 2π

0

1

4
− 1

2
2θ +

1

8
(1 + 4θ)dθ

=
3π

4

S (0, 0, 0), (a, 0, 0) (a, a, a), a > 0

C S

= (y − z (x2)) + (2x− (z2)) + (3z − (y2))

S

S xy

∇×
∮

C

· d

(a, 0, 0)× (a, a, a) =

∣∣∣∣∣∣∣∣
a 0 0

a a a

∣∣∣∣∣∣∣∣
= −a2 + a2



∴ =
1√
2
(0,−1, 1)

S : {(x, y, y) | 0 ≤ y ≤ x ≤ a} (∵ (x, y, y) · = 0)

∇× =

∣∣∣∣∣∣∣∣

∂
∂x

∂
∂y

∂
∂z

Fx Fy Fz

∣∣∣∣∣∣∣∣
= [2z (z2)− 2y (y2)] − (x2) +

∮

C

· d =

∫∫

S

(∇× ) · dA

=

∫∫

S

1√
2
(1 + x2)dA

=

∫∫

S′(xy)

1√
2
(1 + x2)| x × y|dydx

=

∫ a

0

∫ x

0

(1 + x2)dydx

=
1

2
(a2 + a2)

z = f(x, y) = y

x = + (
∂f

∂x
)

y = + (
∂f

∂y
)

x × y

∣∣∣∣∣∣∣∣
1 0 0

0 1 1

∣∣∣∣∣∣∣∣
= − +



S1 {(x, y, z) | z = x2 + y2, z ≤ y} S2 {(x, y, z) | z =

y, x2 + y2 ≤ z} (x, y, z) = −y + x + z

S1

S2

S1 : (x, y, x2 + y2), x2 + y2 ≤ y

x = (1, 0, 2x)

y = (0, 1, 2y)
x × y = (−2x,−2y, 1)

∴
∫∫

S1

V · dS1 =

∫∫

S′
1

V · (− x × y)dxdy

=

∫∫

S′
1

[−2xy + 2xy − (x2 + y2)]dxdy

=

∫ π

0

∫ θ

0

−r2rdrdθ

= − 1

4

∫ π

0

4 θ

=
−3
32

π

r2 ≤ r θ (x2 + y2 ≤ y) ⇒ r ≤ θ

z = x2 + y2 ≥ 0, z ≤ y ⇒ y ≥ 0, 0 < θ < π

∫∫∫

Ω

(∇ · V )dΩ =

∫∫

S1

V · dA+

∫∫

S2

V · dA



∫∫∫

Ω

(∇ · V )dΩ =

∫∫∫
1 · dΩ

=

∫ π

0

∫ θ

0

∫ r θ

r2
rdzdrdθ

=

∫ π

0

∫ θ

0

(r2 θ − r3)drdθ

=
π

32

∴
∫∫

S2

V · dA =
π

32
− −3

32
π =

π

8

zmax = y = r θ zmin = x2 + y2 = r2

r2 ≤ r θ ⇒ r ≤ θ


