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1. Evaluate / / dydzx.
0 Jax3 4/ 26 + y2 Y

Sol.
/V=X3
y=8
2
2 8 5
————dydx
/0 /ws Vb + 2 Y
8 YU b
- Y dudy
/0 /0 Vb +y?
8 Yy
= / Vb +y? - —|  dy
0 6-3 0
1 8
=—/ (V2 — 1)ydy
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2. Find the volume of the solid common to the balls p < 2v/2 cos ¢ and p < 2.

Sol.

p<2V2 cos@

\/ Xy-plane

p < 2\/§cos¢

= (2% + 2+ 222 <2 z

(22 + 2 + 22)2
= 2?+y°+ (2 —V2)? <2
p<2

>

=2’ +y’+2° <4
when 2\/§cos¢:2:>¢=%

V= /0 / / P smgbdpdqﬁd@—i—/ / /Qﬁcowp sin ¢pdpdpdl
— om(— cos¢)|§-% +27r/gsm¢(2\/§%¢) do
0 %

= 27T(8 4\/_) 32\/_ sm¢cos3 odo

3 :

o 32\/% 1 2
—?(8—4\/5)%— 3 < 708 qﬁ)z
= 37'('—2\/_71'



3. Evaluate the integral / / sin(322 —2zy+3y*)drdy, where Q is the ellipse 322 —2xy+3y? <

Q
2. You may try the change of variables © = u + kv, y = u — kv for some constant k.

Sol.

Let z=u+kv, y=u— kv

32?2 — 2xy + 3y® = 3(2u® + 2k%0?) — 2(u? — k*0v?)

1
= 4u® + 8k*? < 2 letk2:§—>k:

Sl

J = | det | Gu gz

du  Ov

or Ox ||

// sin(3z? — 2xy + 3y*)dxdy

Q

= // sin[4(u® + v*)]v2dudv
uZ+v2<

1

=7

= \/_/ / sin( 47“ Yrdrdd

= 27‘(‘\/_— cos(4r?)
V21

= T(l — cos2)

i

0



4. For y > 0, let

ey )i+ (2 — o)k

F(z,y,2) = (e Iny — 2)i+ (2yz —

—x

€ )j—zk
Yy

G(r,y,2) =e “Inyi+ (2yz —

(a) Show that the vector function F is a gradient on {(z,y,z) | y > 0} by finding an f
such that Vf =F.
(b) Evaluate the line integral / G(r) - dr, where C is the curve given by r(u) = (1 +

uP)i+e'j+ (1+u)k, uel0,1].

Sol.
@ af of of
Vf:(a_x7a_y7$)
g—e_xln —z
or Y
= f= —e"lny—zx+g(y,2)

Of L =€ [ 994:2) _,

dy dy
9(y,2) = ¥%2 + h(2)
=f=—e"lny—zx+yz+h(z)
%: —x+y2+%(;):y2—x
h(z)=C
= f=—e’lny—zx+y*2+C
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5. Let C be a piecewise-smooth Jordan curve that does not pass through the origin. Evaluate

5 4
—Y Ty . . .
dx + dy for the following two cases, where C' is traversed in the
f% @+ @ °

counter-clockwise direction.

(a) C does not enclose the origin.

(b) C does enclose the origin.

Sol.
5 4
—Y LY
(a) Let P = —(:z;2 ) and Q = —(:c2 )
P
By Green’s theorem: J(I{ Pdx + Qdy = // @ — 8— dxdy
or Oy

yS — b2yt b — Ha?y?
— dxdy =0
//<332+y (22 + )4 ray

7{ Pdz + Qdy — ?{ Pdz + Qdy
C C’r

| 0Q oP _

- JRGE 5% -

" de:L‘—l—Qdy:?{ Pdz + Qdy
c r

C,: x=c¢€cosl, y=esinb

S
N/

M (i )5 5 4
dex—l—Qdy:/ M(—Esine)—f—MECOSQ o
c, 0

€6 b

2
= / (sin® @ + cos? O sin 0)do
0
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2 2w o
=/ sin49d0=/ (o520 9
0 0 2

_ /%1 L 0520+ (1 + cos 46)dp
= ; 1 B COS 8 COS
3T

O

6. Let S be the triangular region with vertices (0,0,0), (a,0,0) and (a,a,a), a > 0, with

upward unit normal n, and C be the positively oriented boundary of S. Let
F = (y — zcos(2z?))i+ (2z — sin(2?))j + (3z — tan(y?))k

(a) Find a parametrization of S and find the upward unit normal n. (Hint: consider the

projection of S to zy-plane.)

(b) Evaluate V x F.

(c) Evaluate ]{ F - dr.
c

Sol.

i j ok
(a,0,0)X(a,a,a): a 0 0 =—a2j+a2k

a a a
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(b)
i j k
VxF= % 8% % = [2z cos(zz) — 2y Sec(yz)]i — COS($2)j +k
F, F, F.

f]_:‘.dr:/ (VxF) - ndA
C S
// L (14 cosz?)dA
— — x
\/_
— // 1 + cos2?)|r, X 1, |dydx
l(xy

:// 1—|—cosx )dydz

(a® + sina?)

Note that:



7. Let S; be the surface {(z,y,2) | 2 = 22 + y?, 2 < y}, Sy be the surface {(z,y,2) | 2

y, 22 +y? <z}, and V(z,y,2) = —yi+ 2j + zk.

(a) Compute directly the downward flux of V across S

(b) Use the divergence theorem to compute the upward flux of V across Ss.

Sol.

7=y

(a) Si: (z,y, 22 +y?), 2 +y* <y

r, = (1,0,27)
ry = (07 1a 2y)

// V-dS, = // V- (—r; x ry)dxdy
sy /

= / / [—2zy + 22y — (2° + y°)|dwdy

T sin 6
:// —r2rdrdf
0o Jo
1 vy
= ——/ sin*
4 Jo

-3
—T
32

r, X r, = (—2r,—2y,1)

Note that:
r? <rsinf (22 +y* <y) = r <sinf

r=22+1y*>0, z2<y =y>0,0<f0<m

///Q(V-V)dﬂ(volume)—//SIV-dA—k//SZV-dA
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S flux

Sa flux

// (V-V)dﬂz///l-dQ
° T sin 0 rsin 6

=// / rdzdrdf
0 0 r2
s sin 6

:// (r*sin @ — r*)drdf
0 0
m

v B P =3

32 32
Note that

NIHCO

N2 CONSULTING ONLINE
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